Abstract. We prove that the spectrum of the Anderson Hamiltonian H λ = −∆ + λV on the Bethe Lattice is absolutely continuous inside the spectrum of the Laplacian, if the disorder λ is sufficiently small. More precisely, given any closed interval I contained in the interior of the spectrum of the (centered) Laplacian ∆ on the Bethe lattice, we prove that for small disorder, H λ has purely absolutely continuous spectrum in I with probability one (i.e., σ ac (H λ ) ∩ I = I and σ pp (H λ ) ∩ I = σ sc (H λ ) ∩ I = ∅ with probability one).
The Bethe lattice (or Cayley tree), B, is an infinite connected graph with no closed loops and a fixed degree (number of nearest neighbors) at each vertex (site or point). The degree is called the coordination number and the connectivity, K, is one less the coordination number. The distance between two sites x and y will be denoted by d (x, y) and is equal to the length of the shortest path connecting x and y.
The Anderson model on the Bethe lattice is given by the random Hamiltonian u(y) ; (2) it has spectrum σ(∆) = [−2 √ K, 2 √ K] (e.g., [3] ); we use 1 2 ∆ in the definition of H λ to simplify some formulas (notice that in the Bethe lattice −∆ and ∆ are unitarily equivalent). V is a random potential, with V (x),
x ∈ B, being independent, identically distributed random variables with common probability distribution µ. The characteristic function of µ will be denoted by h, i.e., h(t) = e −itv dµ (v) . The real parameter λ is called the disorder.
In this announcement we always assume that K ≥ 2 (so B is not the line R) and that h(t) is differentiable on (0, ∞), with h (t) absolutely continuous and bounded on (0, ∞), and h (t) also bounded. These conditions are satisfied by any probability distribution µ with a finite second moment (e.g., uniform, Gaussian or Bernoulli distributions) and by the Cauchy distribution.
It follows from ergodicity (the ergodic theorem in the Bethe lattice is discussed in the Appendix of [3] ) that the spectrum of the Hamiltonian H λ is given by
with probability one [25, 8] . For each choice of V , the spectrum of H λ can be decomposed into pure point spectrum, σ pp (H λ ); absolutely continuous spectrum, σ ac (H λ ); and singular continuous spectrum, σ sc (H λ ).
Ergodicity gives the existence of sets
sc with probability one [20, 8] .
The main result in this announcement is a proof of the existence of absolutely continuous spectrum in the Anderson model. 
Theorem 1. For any
Anderson [7] introduced this model to describe the motion of a quantummechanical electron in a crystal with impurities. In one and two dimensions it was argued that, as long as the potential was random (i.e., λ = 0), the model exhibits exponential localization (i.e., pure point spectrum with exponentially decaying eigenfunctions). In three and more dimensions both localized and extended states (i.e., absolutely continuous spectrum) are expected for small disorder, with the energies of extended and localized states being separated by the "mobility edge". A new approach to the study of such questions was given by Abou-Chacra, Anderson and Thouless [1] and Abou-Chacra and Thouless [2] , who developed a self-consistent approximation for the study of localization which becomes exact in the Bethe lattice, where they argued that there should be a mobility edge for small disorder. They calculated that the energy at which localization breaks down converges to K+1 2 in the zero disorder limit. The Physics literature contains many papers which study the Anderson model in the Bethe lattice; the most recent ones being the work of Mirlin and Fyodorov [23] and of Miller and Derrida [22] ; we refer to their list of references for other related work. Miller and Derrida performed a weak disorder expansion inside the spectrum of the zero disorder Hamiltonian, and computed perturbatively the density of states and conducting properties corresponding to extended states. They also found the existence of an energy, which converges to the edge √ K of the spectrum of 1 2 ∆ in the zero disorder limit, above which the density of states and the conducting properties vanish to all orders in perturbation theory.
Localization for the Anderson Hamiltonian is by now well understood. In one dimension there are mathematical proofs of exponential localization for any disorder (e.g., [15, 21, 9, 12] and others). In the multidimensional case exponential localization is proved for large disorder or low energy (e.g., [14, 13, 11, 26, 12, 6, 4 , 17] and others). Only localization in two dimensions for small disorder is still an open problem.
But up to now there was no proof of the occurrence of absolutely continuous spectrum (i.e., extended states) in the Anderson model.
For the Bethe lattice there were no rigorous results up to recently. Kunz and Souillard [21] gave an outline of what should be proven: analyticity of the density of states for distributions close to the Cauchy distribution, localization for large disorder or low energies, and existence of extended states for small disorder. The first was proved by Acosta and Klein [3] , the second by Aizenman and Molchanov [6] , and the third is the subject of this announcement.
Aizenman [4] has proved localization in the Bethe lattice for energies beyond K+1 2 at weak disorder, confirming half of Abou-Chacra and Thouless' prediction [2] . We prove purely absolutely continuous spectrum below √ K at weak disorder, in agreement with Miller and Derrida [22] . This leaves open the question of the nature of the spectrum for energies E with
For the case when the potential at a single site has a Cauchy distribution, Aizenman [5] has announced a proof of the existence of extended states (absolutely continuous spectrum), inside the spectrum of The Green's function of H λ is given by
for x, y ∈ B and z = E + iη with E ∈ R, η > 0. For any x ∈ B and
2 ) are also continuous functions of (λ, E, η) ∈ R × R × (0, ∞). Theorem 1 will follow from the fact that we can let η ↓ 0 inside the spectrum of 
has a continuous extension to 
where F (z) = dν(t) t−z , z = E + iη with η > 0, is the Stieltjes (or Borel) transform of ν. Then ν a is absolutely continuous.
We will now sketch the proof of Theorem 2. We fix an arbitrary site in B which we will call the origin and denote by 0, and let B 
Lemma 4.
For any λ ∈ R, E ∈ R and η > 0 let
(z) into its real and imaginary parts. Then
The simplest way to prove Lemma 4 is to undo the expectations in (9) and (10) and perform the integration on the right-hand sides; the resulting equations can be verified by an argument based on the resolvent identity. A more intuitive derivation uses the "supersymmetric replica trick" [16] .
where we always make the choice Im √ > 0. If |E| < √ K, we have the pointwise limit
To handle the nonlinear equations (9) and (10), we introduce the Banach spaces K p , 1 ≤ p ≤ ∞, given by the completion of
.
We define the linear operators
where M (g(ϕ 
valid for all λ ∈ R and z = E + iη with η > 0, and also valid for λ = 0 and z = E with |E| < √ K .
We can now do a fixed point analysis.
is continuous. Q is continuously Frechet differentiable with respect to g, the partial derivative being
The proof of this lemma is straightforward except for (22) . We have
0,E ). Following Acosta and Klein [3] (see their Propositions 3.2 and 3.3 and Theorem 3.5), we show that A 2 0,E is a compact operator on K ∞ and
with (22) follows. Lemma 6 tells us that the hypotheses of the Implicit Function Theorem (see 2.7.2 in [24] ) are satisfied by the function Q(λ, E, η, g) at (0, E, 0, ξ 0,E ), if |E| < √ K. It follows that for each E such that |E| < √ K, there exist λ E > 0, ε E > 0, η E > 0 and δ E > 0, such that for each
there is a unique ω λ,E ,η ∈ K ∞ with ω λ,E ,η − ξ 0,E K ∞ < δ E , such that Q(λ, E , η, ω λ,E ,η ) = 0. Moreover, the map (λ, E , η) ∈ (−λ E , λ E ) × (E − ε E , E + ε E ) × [0, η E ) −→ ω λ,E ,η ∈ K ∞ is continuous. Combining with Lemma 5, and using the uniqueness of ω λ,E ,η as above for each (λ, E , η), we get Theorem 7. For any E such that |E| < √ K, there exist λ E > 0, ε E > 0 and δ E > 0, such that the map (25) 
has a continuous extension to
satisfying (19) .
Theorem 2 now follows from (9), Theorem 7, the translation invariance of expectations, and a simple compactness argument.
Full details can be found in Klein [18] .
